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The equation

P12 + o (r(autt, ) + Bleyutt, ) = [ by, 2Bt )y

z
u(t,x): concentration of particles of size x at time ¢
7(x): growth speed of particles of size x

B(x): total fragmentation rate of particles of size .

k(y,x): probability that a particle of size y breaks and leaves a fragment of size
x and one of size y — x (we only consider binary fragmentation).



Why?

e Model widely used in science and technology (astrophysics, polymers, aerosols,
grinding in mining industry, bacterial growth, etc...)

e Some history, mainly for pure fragmentation (N. K. Razumovsky, Dokl. Akad.
Nauk SSSR, '40; A. N. Kolmogorov , Dokl. Akad. Nauk SSSR '41; V. S.
Safronov's book on planets formation '69; S. K. Friedlander: Smoke, Dust &
Haze, '76.)

e Recent (~'00—) mathematic activity around: existence, uniqueness, spectral
properties, qualitative behavior by different groups and different approaches.
Strongly motivated by problems from biology.

e Very recent and interesting results and questions in the probabilistic literature.



Previous results & questions

PDE’s methods. Typically if B(z) = 27, 7(x) = 2 (although more
general cases may be treated), under the condition

Il+v—-a>0 (1)

The existence of first eigenvalue and eigenfunction is proved. Some examples of
non existence are obtained when condition (1) is not fulfilled.

Exponential convergence to this eigenfunction asymptotically in time is also
shown. Precise qualitative properties of these eigenfunctions have been obtianed.

Special attention is paid to applications, in particular motivated by questions in
biology.

Articles from ~ 2000 by B. Perthame, L. Ryzhik, S. Mischler, P. Michel, P.
Laurencot, M. Doumic, P. Gabriel, J. A. Caiizo, M. Caceres, J. Scher...



Probabilistic methods. Probabilists are mostly interested in the
stochastic growth fragmentation process, but also consider the equation.

Motivated also: problems of random geometry on spheres (J.F. Le Gall ICM’14).

They consider B(z) = x” and 7(x) = x® too and kernels k(y, x) like:

—c

where kg is a non negative measure of compact support in [0, 1] such that:

1 1
/ xko(z)dr = 0, / ko(x)dx > 1.
0 0

Articles from ~ 2000 by J. Bertoin, B. Haas, G. Miermont J. Berestycki, A. R.
Watson... In particular they like the case

l4+v—-a=0.



One first critical case.

v=0, a=1, sothat 14+~v—-a =0.

This reduces to the fragmentation equation by the change: u(t,x) = etv(t, ze)
and gives:

%(t,y) +o(t,y) = /yoo iko (%) v(t, z)dz

This appears as critical case in the context of pure fragmentation equations:

ov

>~ Y
D, wity) = | =k (—)Vt, dz, v €R.
it ety = [ ko (4) ot s, v e

Source solutions (initial data ug = d(x — 1)) by E. D. McGrady & R. M. Ziff, '87.

J. Bertoin '03 (stoch. process for v = 0); Mischler, R. Ricard & E. '05 (v > 0);
B. Haas '10 (v < 0): long time behaviour, self similar solutions, ...



a=1, v =0, Results I.

(Joint work with M. Doumic.) The measure kg as before.

o If ug € L'((1 + x)dx), existence of a weak solution
u € C([0,00); L*((1 + x)dx)) N L*([0, 00); L' (zdx))

e All the functions:
1
us(t, z) =z~ e EE =D \where K(s) :/ ko(z)x* 'ds
0

are pointwise solutions of the equation for all s € C such that K(s) < oc.

They are invariant under the scaling: u(t,z) — u (t + Sl;;;‘é?), )\x) ;A E€R.
But do not belong to L'(0,0)) nor L!(x dx)



oo

Suppose not only: ug > 0, /uo(a:)(l + x)dxr < o0 (2)
0
but also: ug(r) = agz™® — aggor 1+ O (2"), = — o0

up(x) = box PO — bopoz PO~ + O (z°), = — 0,

for some r > qg and p < pgy (by condition (2), pg <1 and gy > 2).

e The unique solution u € C([0,00); L*((1+x)dx))NC((0,00); L' ((1+x)dx)):

vV+100
1 oo
u(t,x) = oy Up(s) et B =Dig=sqs  Uy(s) = /0 ug(x)z* e

for any v € (pg, qo)-



This solution satisfies the conservation property:

o

O/xu(t,x)daz z/ zug(x)dr =: Mp(0), Vt > 0.
0
0

If u e C([0,00); L'((1 + 2'*)dx)) N CH((0,00); L1 ((1 + 2! +€)dx)), € > 0:

o u(t) — M4(0), as t — oc.

1
o If: p1 = inf {3 ceR; K(s)= / ko(x)z® tdx < oo}
0

the function K (s) is strictly convex on (p1,+00). It is not difficult to see that
for any t > 0, x € (0, 1) there exists a unique s = sy (¢, ) such that

suta) = () (57,

t




Theorem 1

(i) u(t,z)

(i) u(t, )

(i) wu(t, x)

o 29 (K (@0)—1)t (1 Lo (6<K<r—6>—K<qo>>t))

as t — oo, uniformly for all x > 1;V0 > 0.
by a0 (p0) 1)1 (1 Lo (e—m;pﬁ)(s+<t,x>—po>2)) |
as t — oo, uniformly for all = € (0,1), s.(t,x) < po,

4 0K ()11 (1 Lo (e—“{'#ww,x)—%)?)) |

as t — oo, uniformly for all =z € (0,1), qo < s.(¢,z),

The two functions agx~ % eK(@0)=1t gnd by x=Poe(E@)=Dt gre self-similar
solutions of the equation. (qo > 0 and K(qo) < 1).

The higher order terms are exponentially small uniformly for x > 1, or x €
(0,1) and s4(t,z) < po—9 orsi(t,z) > qo+9 for any & > 0 arbitrarily small.
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Theorem 2. Suppose ky has a non zero absolutely continuous part.
Let £(t) be such that: lim; o e(t) =0, limy_.oote?(t) = co.
For any § > 0 there exists two functions ~;5(-) and ws(-) satisfying:

lim w(;(g) =0

e—0 e—0

lim e %v;5(e) = Cs € <K éQO)a a §p0)> ;

and such that:

u(ty) = t,2) (a4 (6,2) +wa(e(t) + O e 0] 4 o HIK ) )

as t — 0o, uniformly on pg + 6 < sy (t,z) < qo — 9 where

s (b V2mtK" (s, (t,x))
Ot @) = o+ e e
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52 1/
ult, ) = Ot :c>—1(Uo<S+<t, v)) +wi((t) + O (e—ww» 4 o-SK <qo>))

By the properties of the function ~s(¢), we have
tys(e) = Cste?(t) + o (te?(t)), ast — oo

and the error term O(-) decays exponentially fast in time.

e But, there exists kernels kg, and data u, satisfying the hypothesis of Theorem
2 such that ws(e(t)) tends to zero at most algebraically as ¢t — oo.

Conclusion: The asymptotic behavior of the solution depends on the pointwise
behavior of the initial data (ag, bo, po,qo). The rate of convergence may be
algebraic.

The proofs are based on Mellin transform:
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The Mellin transform.

Given a function u defined for x € (0, 00):

M,(ts) = /0 " ()L

If u(t) solves the growth fragmentation equation with B(x) = 27 and 7(z) = z¢,

oo

0 =0 s—1 Y+s—1 __
(%Mu(t’ s) —I—/O B (x%u(t,x)) z° “dx —l—/ u(t, x)x =

_2/ / —ko( ) u(t,y)dy z° tdx
2/0 u(t,y)y" ™ 1dy/0 ko (g) v*Ldx

00 1
2/ u(t,y)y3+’y_1dy/ ko (2) 25" dx
0 0

o
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0 0
—M,, i Q s—1 y+s—1 __

00 1
— 2/ u(t,y)y'ﬁw_ldy/ ko (2) 25" tdx
0 0

— SMu(t9) — (5= 1) [ ulta)a™ 2o+ M5 +9) =
0

1
= 2M,(t, s + ’y)/ ko (2) 2° tdx
0

(if x5 1u(t,z) - 0asz — 0 and z — o0).

%Mu(t, s)—(s—1)My(t,s+a—1)=M,(t,s+7)(2K(s) — 1)

If v=0and a — 1 =0 this is an ODE...
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If v#40,14+~v—a=0.

Considered in recent work by J. Bertoin and A. R. Watson (arXiv:'15).

They look for fundamental solutions in the general case vy e R, 1 +~v —a = 0.
Part of their results may be briefly summarized as follows.

Under the condition:

inf (K (s+1)+s—1) <0

there exists a non negative, measure valued, solution of the equation in the sense
of measures on (0, o).

-The proofs for v < 0 use analytic arguments (Mellin transform).

-The authors can’t use them for v > 0. Then, they build a positive self similar
Markov processes such that the mass distribution of the particles solves the
growth fragmentation equation.

15



More surprising

|f

ig%(K(s—kl)%—s—l)ZO

the authors exhibit an example of stochastic growth fragmentation process that
blows up in finite time.

More precisely such that: for any a > 0, at some random time ¢t > 0, there are
infinitely many individuals in the compact set [1,1 + a|. (See also J. Bertoin &
R. Stephenson arXiv:'16).

Their method does not give a solution to the growth fragmentation equation.

They ask then the question of the existence or not of solutions of the growth
fragmentation equation.

16



When ~ #£ 0

After Mellin transform: %]\@(t7 s) = ®(s)M,(t, s+ )

M,(0,s) =1
d(s) = (2K (s) + s —2)

Step 1.  Solve the auxiliary equation: V(s+v) = —®(s)V (s)

Step 2.

o (_t)%V(a)dO
w5, L R )

Step 3. Invert the Mellin transform.
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Satisfies formally the equation. Moreover, if Res > sq:

1 (—t) 7 V(o)do
Mt s) _W(S)M/SO F(Ha;s)( —2mi (g —s) _1)

21 s} —1
= =" Res (( —Ho—s) _ 1) ;0 = S) +
~

A\ 4

~

=—iv/2m
1 (=) V(o)do
/

o—s 277@(0_ S) )
Reo=s1 (1+ 8l ) ( -1

(—t)F V(o)do

:1+7V—<3) / F(1+U_S)( _2mi(g—g) 1)

Reo=s, Y

with s; > Res. If all that makes sense... — Example:
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Simplest case

Consider the homogeneous fragmentation kernel:

;gg(K(s—l—l)—I-s—l) =

1V

01

2H(x)H(1 — z), (H : Heaviside's function)

1 2
2/ 25 ey ==, Vs> 0
0 S
2
inf( —|—3—1>
s>0\ s+ 1
inf 2+ 2 2 1>0
inf | —+s— = — —
s>0 \' S \/§
_ (s—01)(s—09)
S
= 14+, og=01=1—1
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Theorem. For all v > 0 and ¢ > 0 such that v¢ < 1 let us define:

_1

w(t, ) = (1 — 7)76 (:1: — (1= 1) v) +26(1 — 1)F x

X o F (1 + % 1+ % 2,7t (14 (7t — 1):1;7)) H (1 (11— vt)%x) .

Then, u satisfies the growth fragmentation equation in the following weak sense:

(Gre) =twen,  voec((02)x(0.0);

Llu, o)1) = <u<t>,wg—j<t>> - o) +2( [t gdyelt.o) )

(where {-,-) is the duality bracket between distributions of order one and C}),
and u(t) = d(x — 1) as t — 0 in the weak sense of measures.
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Proof. The equation for the Mellin transform reads now:

9 2
Mts) = (24s-2)Maltstr
S — S —
- | Ol)s( UQ)Mu(tv s+7)
o1 = 1—|—’L, 0'2:_1:1—i

The equation for the auxiliary function V' is:

V(s+7)=—<g+s—2> V(s).

S

A solution given by:

1 1
V<S) — €Xp <_/y /;Eeg:gloog <_(I)(O-)) (1 . 6—2’7’i(8—0’) B 1 + eQ’yiO') dO')
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Plugging this in the expression for M, gives...

Ma(t,s) = Qt,s) = F ( 01 8- "%f,w)
Y Y Y

where F'(a,b;c; z) denotes the Gauss hypergeometric function...
This could have been obtained form the beginning using that:

b
gF(a,b;c;z) — P FPa+r1,b+1c41:2), F(abc0) =1
< C

0 S—01 S— 09 S (=01 (5= ) s — 01 S — 09 S
_F< ) 7_7715):’}/ ! . F( +17 —|—1,——|-1,’7t)
ot gl Yoy gl gl gl

— K(p (TSR SIS 2 )
Y gl gl
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When |z|] <1 and —c ¢ N

F(a,b;c;z) =

['(c) i ['(a+n)['(b+n)z"
['(@)T'() == T(c+n)I'(n+1)
an absolutely convergent series.

Defines a meromorphic function of a, b, ¢, z for |z| < 1.

It may be extended by analyticity for values |z| > 1.

The point z = 1 is a ramification point. The principal branch has a cut along the
real half line from 1 to oc.

Another useful property: F(a,b;c;2) = (1 — 2)¢ % °F(c —a,c— b;c, 2).

The solution may then be written as follows:
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Q(t7 S) — (1 o /Yt)2;SF <017 027 fa ’Yt)
Y

1
/N
—_
|
—
<~
N——"
2
=
VR
|Q
—
N———

for |yt| < 1.

e For all v and t given such that |vt| < 1, the solution (¢, s) is a meromorphic
function of s with poles located at s = —m~vy, m =0,1,2,...

e The function €)(t,s) has analytic extensions to the whole complex plane. In
particular to regions where |[yt| > 1.
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Inverse Mellin of ().

What is the inverse Mellin transform of €2(t, s)?

Lemma. Suppose 01 € C, 05 € C, v > 0 and £ > 0 such that 1 — ¢ > 0 and
define the function

v(t,x) =F (1 + %, 1+ %, 2,7t (14 (vt — 1):67)) H (1 — (1 — fyt)%a:')

for x > 0, where H is the Heaviside function. Then, for all s > 0, the Mellin
transform of v is given by:

>C 1 —~t)
My(t,s) = / v(t, z)x* tde = (1=~ (F (2,2,5,%) — 1) :
0 o102t e e

v

25



Proof. If 0 < 4t < 1 and (1 —~yt)"/7z < 1 it follows vt (1 + (vt — 1)z”) € (0,1)

00 (1—~t) %
0/ v(t,a:):cs_ldm:/ v(t, )z tde
0 0

1

o DI{1+Z+ n) I (1 + 2+ n) (vt)™ (1—yt) ™7
_ / (1+ (vt — Da)"a"da
=D (1+2)T (14 2) T2+ n)T(n+1) /o

1 1

(I=~t) 7 n n (1—~t) 7
. / (14 (vt —Da)"a* Hdo =) ( )(—1)m(1 — )™ / LR
0

T'(n+1)T (5)
I (1 —l—%—l—n).

Use the second expression into the first one, the result follows.
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It follows from the previous Lemma that if
u(t,z) = (1 — 4t)76 (.q; (1 —t)” ) +2t(1 — 1) x

< F (1 TR R R T o 1)337)) H (1 (- mf)%x)
vy

then, M, (t,s) = Q(t, s).
Moreover, the inverse Mellin transform of Q(t), Mg, ' (t, ), is well defined and

1
MGt z) = f/% Qt,s)x”°ds = u(t,z), Vsg>0
es=s

20T

is well defined for all x > 0 because, by well known properties of F"

Q(t,s) — (1 —~t) 7 (1 +%>‘ <O —~t) 7 (1+|s])~8
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Multiply the equation for (¢, s) by x7° and integrate over Res = sq for sq > 0:

9 Qt,s)x™® = / s = ou)s = OQ)Q(t, s+ vy)xr~°ds
ot Res=s( S

2
= / (— +(s—1)— 1) Qt,s +v)z " °ds
Res=sy \S
/ Q(t,s)x™° = 2imu(t, x).
r

es=s

Res=sq

/ Qt,s +v)x *ds = x”v/ Qt,o)xr™ %ds.
R R

es=sy eo=sg+"y

Since €)(t) is analytic on Res > 0, (t,s) — 0 as |s| — oo and sg+ v > s9 > 0:

/ Q(t,o)r™%ds = / Qt,o)x™%ds = 2imu(t, x).
R R

60':30—}—’)/ E0=S5)
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Arguing similarly for the remaining terms:

ou 0 >
y+1 Yo = 92 v—1
5 + 5 ( u) + 2" / Yy u(t, y)dy

X

where the equation is satisfied in the space of distributions of order —1.
e From the explicit expression of u: u(t) — d(x — 1) as t — 0.
e The measure u is non negative:

1

u(t,z) = (1 — vt)%é (J; — (1 —~t) 7) + 2t(1 — yt)% X

< F (1 120 (14 (vt — 1):::7)) H (1 . fyt)%a:)
vy

(using that o9 = 7).

e All positive moments of u are finite and known = €)(t, s).
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This may be improved to the following.
Proposition. The function

2—1

un(t,z) = u(t,2) — (1=4t) 70 (= (1= )77
satisfies the equation:

%L—f(t, ) + 83( "lug)(t, ) + 2 ug(t, ) = 2/ ' u(t, y)dy
x [0,00)

0'1-|-0'2—1

1
forallz > 0,t€ (0,7 1). The measure us = (1—~t)" 7 0 (gg — (1 - vt)_V)
satisfies

ous, 0O : -
o o (@) +atu =0, in DLy ((0,971) x (0,00)).
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Proof. Let us check for example the second assertion:

Ou 1_ _1 , _
o = (1=t 15(56—(1—775) ”) —(1—9t)7"0 (w—(l—vt)
0 0 y+1 v+1 0u
—_ v+1 = — —_ o o —_ o 5
ox (27" ) ox ((1 7)o us) (L=nt)7 ox

= (1=t)" 76 (5= (1= 1))

rus = a7 (1 — fyt)%(S (m — (1 — ’yt)_%)

0 (a? — (1 - fyt)_%)

2|~

=1 —9t)" (L —~1)
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Limit as ¢ — 1

The limit of wu(t) as vt — 1~ easily follows from the limit of F'(a,b;c;2)

as z — 17. This depends on the values of a,b,c. In our case we have:
Re(c—a—b) = —@ = —% < 0 and then:
_ I (m) 010
2—(01409) o1+o 102
lim wug(t,z) (1 —~t) T (1 4 ~tx?) o= ! =:C
Y=o T (1+2) T (1+2)

01+09

up(t,x) ~C(14+27)" "7 |, vyt —>1"
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Remark. For all vt < 1 the measure u is such that

My(t,s) = / u(t,z)r* tds < co, Vs> 0
0
= (1=at) 7 F (2,@,57775)
v

but as vt — 1

~ s—1 > _ 2119 s—1 .
u(t, x)x® “ds ~ (I4+27)" "7 2% 'ds =0, if s> 2.
0 0

A first natural question now is the extension of this solutions to times ¢ > 1/7.
Use of the analytic extensions of €)(t,s) for |vt| > 17
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