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The Runs and Tumbles equation (RTeq) writes
We consider the Runs and Tumbles linear equation

Of = Lf = —v-Vif + / {K'f' — Kf}av,
v

on the density of cells f = f(t,x,v) > 0 which at time t > 0, position x € RY move
with velocity v € V := B(0, Vo), |V| = 1. Shorthands f' = f(t,x, V), ...
The turning kernel is assumed to be

K=K(x,v)==14+x(=1+x, x€(0,1), ¢=sign(x-v).
The evolution equation is complemented with an initial condition

f(0,)=1f in RIxV.

> We aim to provide a complete description of the long time behavior of solutions: they
are attracted by a unique associated steady state.

> Our result generalizes to any dimension d > 1 a similar result due to Calvez, Raoul
and Schmeiser (KRM 2015) for d = 1.

>> Biologically motivated by a nonlinear chemotaxis model.

t> Mathematically motivated by the unusual confinement mechanism (in the x € R
variable) due to the specific form of K.
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Mass conservation and positivity

For any test function ¢, we have

(L) i= v Vg + K [ (& =g} V.
%
With the choice ¢ = 1, we deduce the mass conservation

(f(t, ) = {fo), vt=0,

where the mass is defined through
()= [ gdvax
RIXV

For the functions 3(s) = s+ and S(s) = |s|, we have Kato's inequalities
LB(f) = ReB'(F)(LS).
Using 3(s) = s_, we deduce that the equation preserves positivity

f(t,)>0 Vt>0 if f>0.

And there is nothing simple to say more !!
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Biological motivation

In a chemical agent environment S, the turning kernel is given by
KISI(v) := 1 — ysign(v - ViS(x)),  x € (0,1).

When the chemical agent is produced by the microorganisms themselves, it is
given by the damped Poisson equation

—A5+S:Q::/fdv.
%

When g is radially symmetric and decreasing then S satisfies the same properties
(thanks to the maximum principle) and

K[S] =1 — xsign(v - (—x)) = 1 + xsign(x - v) = K.
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Functional framework

For a weight function
m=m(x)=e"™, v>0, (x)2=1+|x?

we define the weighted Lebesgue space LP(m), 1 < p < oo, through its
norm
[FllLo(my = [If mllee.
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Main result

Theorem 1.

Jv* > 0, ' G > 0 radially symmetric and normalized stationary state
0<Gel*m)NnL>® (G)=1,
—v-VyG +/{K’G’ — KG}dv' =0,
%

where mo(x) := exp(7«(x)).

For any (exponential) weight function m and 0 < fy € L1(m), there exists
a unique solution f € C([0, 00); L1(m)) to the Runs and Tumbles equation
associated to the initial datum fy and

1£(t) = o) Gllir(m) < Om(t) [Ifolli(my, VE=0,

with ©,(t) = e, a < 0.
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Moment estimate

Lemma 1. (Moment estimate)

There exists v* > 0 and for any v € (0,7")

such that
sup (1) 1) < max(C1llus, 1oll )

Proof: We prove that there exists C,B > 0 such that
L*(m) < BC — B,
so that for any solution

% f(t)msz(t)ﬁ*m§BC/ﬁ)—B/f(t)rﬁ-

We conclude by integrating that differential inequality.
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Proof of the moment estimate

We successively compute

L™ =y . v, [] =(v- &)evw’
ol o] = —k[.]
= ( _V'&T—XWG;{')GMX),
e
< ( *(1*X)V1%+(1+x)‘v<);>x|)eW<X>.
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Proof of the moment estimate

We successively compute

L£* 7™ — eV
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E*[fﬂ\v&;lem] < (@(&T+W2)f5(1fx)v1m+s(1+x)‘v'x|)e”<x>.

Introducing then the weight function

m= (1 +y(v- &) - B %)eﬂx> ~m, B(l+x)=vx, 7> 0small
we conclude with
£(m) < (o(é> +8°) —28) e <BC—fFm, 2B:= BL- ).
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A remark to conclude (without rate and slightly abusing ...)

>> That is the cornerstone estimate of the proof !!

> From that weighted L' bound one may deduce the existence of a probability measure
which is a steady state thanks to a (Brouwer) fixed point theorem

> Because the “PDE is linear and positive”, we may use the generalized entropy method
and conclude to the uniqueness of the steady state for any given mass and the
convergence (without rate) of any solution to the associated steady state (with same
mass).

> In order to prove our result, we may apply a Krein-Rutman theorem established in a
paper by M. & Scher (Annals IHP 2016). For pedagogical reason, we rather split the
proof is several steps.
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LP estimate for Sp,

We introduce the generator By defined by

Bof := —v - Vif — Kf
and the averaging operator A = A, : LIL. — L7 defined by

A, f(x) = / o, V) fx,v)dv', pely.
v
Lemma 2.
Ja* <0, 3n > 1, such that for any m = " 4 €[0,7*), Va > a*,
(1) Sp,(t): LP(m) — LP(m) bdd of order O(e™),
(2) AgSp,(t) : LiL*(m) — Ly bdd of order O(t™ % e™),
(3) (ApSs,)""(t) : LL,(m) — L bdd of order O(e™).

Proof: For (2), we use Bardos & Degond'’s dispersion lemma.
For (3), we observe that
u: LI (m) — LLL®(m) as O(e™)
u:l>® — L™ as O(e%) imply  uC® : LLL°(m) — L™ as O(e™),
u: LI (m) — L™ as O(t%e™)
and we take n = d + 1.
S.Mischler (CEREMADE) linear runs and tumbles equation 9th of May, 2016 13 /28



LP estimate for Sp,

We introduce the generator 3; defined by
Bif := —v -V f —Kf+(1— d)R)/ K'f dv',
%

with ¢r(x) := ¢(x/R) for a given radially symmetric function ¢ € D(R?) such that
1p00,1) < ¢ < 1p0,2)-

Lemma 3.

3R > 0, 3n > 1 such that for any m = 7%, v €[0,7%), Va> a",

(1) S, (t): L'(m) — L'(m) bdd of order O(e™),

(2) Sz, (t): L*(m) N LP(m"P) — [*(m) N LP(m'/P) bdd of order O(e™),
(3) AuSs,(t): LiL®(m) — Ly bdd of order O(t~9e™),

(4) (AsS8,)0"(¢) : LL,(m) — L bdd of order O(e™).

Proof: For (1), we use Bf = L* — ¢g K and Lemma 1.

For (2), (3) and (4), we write B1 = By + A§ and we use the iterated Duhamel formula

Sty = {Ssy + - + S5 * (A§S5,)"} + Sy * (A§S5,)" * A5 S5, -
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L>° estimate for S and existence of a steady state

Lemma 3.
Sc is a bounded semigroup in X = L'(m) N L*™. J

Proof: We observe that
L=A1+DB1, A=Ay, ¢ :=¢rK(x,v),
and we write

Se = {Sp, + ... + S, * (A1S5,)"™)} + Sp, * (A1S5,)™) * A1Sc.

Corollary. J

There exists at least one nonnegative with unit mass steady state G € X.

Proof: We define the equivalent norm

vieX, |Ifll :=supllSc(t)f]x-
t>0
For C > 1 large enough, the set
C .= {f e L' (m)NL®; F>0, (f) =1, fa=f, VR € SO(d), ||f]| < c}

is convex, weakly % compact and left invariant by the action of Sz. Because S is
weakly * continuous, we may use a Brouwer type fixed point theorem to conclude.
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Plan

e Uniqueness of a steady state and spectrum on the imaginary axis
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Strong maximum principle and uniqueness of the steady state

Lemma 3 (strong MP).
For any solution to Lf =0, f > 0, there holds f =0 or f > 0. J

Proof: When f # 0, we have

VoV (14 0)F > (1 X)e, @::/fdv,
\%

and we spread out positivity.

Corollary (uniqueness).
The null space N(£L) is RG. J

Proof: Consider f another steady state. We may reduce to the case when f is
nonnegative and has unit mass. Then g := f — G satisfies Lg = 0. In particular,

Lgy > (sign,g)Lg =0 and /£g+ = /g+£*1 =0,
so that Lgy = 0. From the strong MP, we deduce gy = 0 or g+ > 0. In the second
case, we get g > 0 and then
1={(f]) > (f) > (G) =1 absurd!

In a similar way, we have g_ = 0 and we conclude with f — G = g = 0.
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Strong Kato's inequality and spectrum on the imaginary axis

Lemma (Strong Kato's inequality).

The case of saturation in Kato's inegality
L|f| = Re(signf) Lf

implies Ju € C such that f = u|f|.

Corollary (about the spectrum on the imaginary axis).

There is no other eignevalue on iR: X(£) N /R = {0} and 0 is (algebraically) simple.

Proof: If Lf = uf with Rep = 0, we write
0 = (Rep)|f| = Re(signf) Lf < LIf]

and then L|f| = 0 by integration. We may applies the strong Kato's inequality to get
f = u|f| and then £f = 0. That implies u = 0.
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New splitting (more surgery)

We introduce

L=A+B, Af ::/ K[w,.f/dv/7
v
where

Kr,s; = ¢52~,R(X) wél(‘/) Ks, (Xa V)v K53(X7 V) =1+ XC63(X ) V)7
for some real numbers R > 1, 41, 92,63 € (0, 1) to be fixed, and where ¢s, r, 9s,, (s, are
smooth versions of
Ls,<ixi<rs  Loi<vi<vo—s,,  sign(x-v).
As a consequence
A WhP(m) — WP (u)!

We shall perform a spectral analysis of the generator £ (Weyl's theorem) and of the
associated semigroup S; (spectral mapping theorem) in the Banach space

X =L (mn(m?), m=e™ ~e(0,7%).
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Dissipativity of 5

Lemma (Dissipativity of B).
There exist some R, d1, 92,03 > 0 such that

1S8(t)|[x—x S e, Vt>0, Va>a"

Proof: We introduce the new equivalent norm
2
111

N1

2 2
112y + 1Py,

o ey AN N T

for some constants 11,72 € (0,1) to be fixed, for the weight function

~ X
mo := (1 IR ‘) d172(x), P12 ~ Lig<1y2-

We define f3(t) := Sg(t)fo, we compute

(I = mTi e To + Ts

and we estimates each term T;.
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estimates of the T; terms

e Using Lions-Perthame’s multiplicator trick which gives a nice version of “Perthame’s

third moment lemma”, we get

|v]

LERS —|\fBHL2(~1/2 +lfslx,  mxv) = X[ LNESE

o T2 < |fsllx-

e We introduce B = B; + Af + A5 + A3, with

A;f:¢52(x)/ K' i, (V') V' Agf:%,R(x)/ KE (x -/ ) b (V) dv
v v
We observe that for p € {1,2}

s1/2
2 2 2
A5y S 22 Wl A5 sy S 2 712,

and we deduce

% 2 8
3 (004 5 = 1)l + 2 sl -
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Regularity of ASp

Lemma (Regularity estimate).

[ 1Ass(e) e de < Gl e x,
0

with
Y .= {f € ’(R? x V); suppf C B(0,R) x V, f € H/?}.

Proof: Step 1. We introduce the damped free transport equation and its associated
semigroup

Wf =T :=—v-Vuf —f, frmo="1o, [ST(D)f](x,v]:=fo(x —vt,v)e ™"

Following Bouchut-Desvillettes' version of the “averaging moment lemma”, we define
the Fourier transform on the x variable f = f(t,&, v) and starting from

atfﬁ’iV‘é-f*f:O, ﬁt:():ﬁh

we deduce that for any ¢ € L?(V), there holds

/ IAST(0)ll3,/2 € dt S el Iz, V€ L2
0 8
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End of the proof of the regularity estimate on ASg

Step 2. Expanding the smooth kernel in Fourier series

k ive
Kr,s,(x,v) = E awe'x e

k,eczd

and using Step 1, we deduce
/ AST(£)fol 32 € dt < [Ifoll-
0 B

Step 3. We split B =T + C (with C of order 0) and we write the Duhamel formula as

S =S+ S *CSg,

from which we deduce

ASp = AST + AST * CSp.
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Spectral gap via Weyl's theorem

Lemma (spectral gap).
There is a* < 0 such that X(£) N A« = {0}.

Proof. For an generator L we define the resolvent operator
R(z)=(L—2) "t = —/ Su(t) e dt.
0
From £ = A+ B, we get
R: =R — Rc ARz = R — R ARz + RL(.ARB)Z
from what we deduce
Re(2)(1 - (ARs(2))) = Rs(z) — Ra(2) AR (2).
e From
[ARs(2)6lf < [ I1ASs(0) 6l e de < Gl Ve X, zea,,
0
we get the estimate
ARp(z): X = Y as O(1), Vze A, a<0.
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End of the proof of the spectral gap

e On the one hand, together with the interpolation estimate

RB(Z) X1 — X as O(<Z>_1)

Rs(z) : X — X as O(1) } imply Rs(z):Xi2 — X as O(<z>—1/2)’

and observing that Y C X;,», we deduce
(ARs(2))? = ARs(2)(ARs(2)) : X — X as O((z)*/?).
In particular, | — (AR5(z))? is invertible in A, N B(0, M)< for M > 1 large.

e On the other hand, because Y C X with compact embedding, the operator
I — (ARs(2))? is an analytic and compact perturbation of the identity, and the
Ribari¢-Vidav-Voigt's version of Weyl's theorem implies that

Y(L)N A, =X4(L)N A, = discrete set.

e Both information together, we have
Y(L)N A, =Xg(L)N A, = finite set.
We conclude by using that ¥(£) N Ay = {0}.
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Semigroup decay via spectral mapping theorem

Lemma (semigroup decay in X).

Defining Mg := G{(g), there holds

1Sc(t)(I — M)||xox S e, V>0, Va> a*.

Proof. We set M+ =/ — N and we write

Se(e)n+ N+{Sg + ... + Sp = (ASg)"®) + S, = (AS)*®)}

MN{Sg + ... + Sp * (ASp)*} +/ N Rz(2)(ARg)® €%t dz.

a

R

Because ||1*+R.(2)]|| is uniformly bounded on A,, and ||(ARz)°(2)|| < (z)7%/2,
we obtain that each term is of order O(e)
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Semigroup decay via extension trick

Lemma (semigroup decay in L'(m)).

For any m = v ~v € (0,~*), there holds

I1S(E)(F = Ml s my—r2(m) S €™, V>0, Va>a".

Proof. For n large enough, we have
SO = T {S, o+ S, (AnSis )70} 4 (152 = (A1)},

where each term is of order O(e?"). Indeed, for the last term, we have
(A1S5,)0™ 1 [1(m) — X with rate O(e) and we may use the previous estimate.
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