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The Vlasov equation with Lipschitz continuous interaction force has
been derived from the N-body problem of classical mechanics in the
large N, small coupling constant limit (Neunzert-Wick 1973, Braun-
Hepp 1977, Dobrushin 1979)

Problem: Is it possible to derive the Vlasov equation from the quan-
tum N-body problem by a joint semiclassical (A — 0) and mean field
(N — o0) limit?

[Graffi-Martinez-Pulvirenti M3AS 2003]
[Pezzotti-Pulvirenti Ann IHP 2009]
[Benedikter-Porta-Saffirio-Schlein arXiv:1502.04230]
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The diagram

Schrédinger| "=%°

1 \J
h—0 N h—0
1 \J

. . N—oo
Liouville — Vlasov

Uniformity as i — 0 of the upper horizontal (mean-field) limit:
[FG-Mouhot-Paul CMP 343 (2016), 165-205]
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’QUANTUM VS CLASSICAL DYNAMICS
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Quantum vs classical dynamics

Heisenberg/Von Neumann equation

ihOep = [Hv P]

where H = H* =Hamiltonian, while [A, B] := AB — BA and
p=p">0, Trgp=1% pecD(H) with H := [3(RY)

Liouville equation
of +{H,f} =0 H=H(x,{) €R

f=f(t,x,£) >0, //Rd F(t,x,€)dxde = 1

with
{(H,f} = VeH Vif — ViH  Vef
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Comparing quantum and classical densities

WKB ansatz, superpositions of coherent states driven by the classical
dynamics produce (local in the case of WKB) approximate solutions
of the Schrddinger equation, i.e. with source terms

Wigner transform of p € D(9)

1
(27)°

Wilp](x,€) := /Rd e Y p(x + Shy,x — Shy)dy

satisfies a transport-like equation but is in general not nonnegative

Husimi transform

Wilp] := e"<¢/*Wy[p] > 0

satisfies a transport-like equation involving the complex extension of
the potential
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Coupling quantum and classical densities

Following Dobrushin's 1979 derivation of Vlasov's equation, seek to
measure the difference between the quantum and the classical dy-
namics by a Monge-Kantorovich type distance.

Couplings of p € D(£)) and p probability density on R? x R?
(x,€) = Q(x,£) = Q(x,£)" € L(H) s.t.Q(x,§) = 0
Ti = dxd§é =
Q) =pe8). [ Qx et =

The set of all couplings of the densities p and p is denoted C(p, p)

Francois Golse From N-Body Schrédinger to Vlasov



Pseudo-distance between quantum and classical densities

Cost function comparing classical and quantum “coordinates” (i.e.
position and momentum)

cn(x,€) =[x — y* + |€ + ihV, |2

Define a pseudo-distance “a la” Monge-Kantorovich

QeC(p,p)

f(pr) ::< i / /RdedTr(Ch(x,f)Q(x@))dxdg)1/2
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Monge-Kantorovich(-Rubinshtein) or Vasershtein distances

Let p > 1 and p, v € Pp(RY) with bounded moment of order p
Coupling of y,v: any m € P(R? x RY) s.t.

J[ 660+ stMatadn) = [omtan + [wtmay)

Set of couplings of y, v denoted M(u, v); define

1/p
dis o) = __inf ([ 1oyt )

weM(p,v)

This distance metrizes the topology of weak convergence on PP(RC’)
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Toplitz quantization

eCoherent state with g, p € RY:
\q + ip, h) = (wh)~ /4~ x—al/2hgipx/h

eWith the identification z = g + ip € C¢

OPT(p) = m /Cd |z, h)(z, hlu(dz), OPT(1) =1

eFundamental properties:

p= 0= 07 () 2 0, THOPT (1)) = g [ )

elmportant formulas:

WiOP ()] = e €™ # 4, WLIOP ()] = Ggae"*# 2
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Basic properties of the pseudo-distance Ej,

Thm A Let p = probability density on RY x R? s.t.

/ / (x4 €P)p(x, €)dxdlé < oo
RY xRd

(1) For each p € D($)) one has Ex(p, p) > 5dh
(2) For each 1 € P(RY x RY) one has

En(p, OP] ((2mh)?))? < distmk 2(p, 11)? + Ldh

(3) For each p € D($), one has
En(p, p)? > distmk 2(p, Walp])? — Ldh

(4) If pr € D($H) and Wi[ps] — pin S, then € P(RY x RY) and

lim Ex(p, p) > distmk 2(p, 1)
h—0
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’QUANTITATIVE CONVERGENCE RATE
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Hartree vs Vlasov equations

Hartree equation for density matrices

0epn(t) =~ THIpn(8)] o1 (8] = O

with
H[p] = —3h°A +/ V(x — z)p(z,z)dz
Rd

Vlasov equation for f = f(t, x, ) probability density

Ouf = —{Hp, F} = —€ - Vo f + V, Vs - Vef

with

Vf(t,X)—//Rd V(x — 2)plfl(t,2)dz,  where p[f] = /Rd fde
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From Hartree to Vlasov: semiclassical limit

Thm B Let V be an even, real-valued function of class C*! on R
Let fi" = fin(x,£) € L2((|x|? + |€[*)dxd€) be a probability density
on R? x RY, and let f be the solution of the Vlasov equation with
initial data . Let p; be a solution of the Hartree equation with
initial data pi” € D(§)). Then

En(F (1), pn(1))* < e EW(F™, i)’

with A := 1+ 4max(1,Lip(VV)). If pi* = OP] ((2wh)?p™), then

distmi 2(F(t), Wi[pn(t)])? < eM(distmi 2(F™, u™)? + Ldh) + 3dh
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N-body von Neumann and Liouville equations

N-body von Neumann equation
i
OtpNp = _ﬁ[HNaPN,h]

where py ;€ D(Sn), with Hy = HEV = L2((RY)V) and

N
1
Hui=) =W+ > V=)

j=1 1<j<k<N

N-body Liouville equation

8th = —{HN, fN} = ij va fN+ Z VV —Xk ngf—/\/
Jj=1 jk 1
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Indistinguishable particles and symmetries

Notation

Xn = (x1,xn), Znc= (8,05 8n)
o Xy = (Xa(l),... 7X0'(N)) for o € Sy

Classical N-body symmetric probability density: for all t > 0

fN(t,O' - Xn,0 - EN) = fN(t,XN,gN) forall o € Gy

Quantum symmetric N-body density: for all t > 0

Uspnn(t) Uy = pni(t)

where U, is the operator on $)y defined by

Ustp(Xn) = (o - Xn)
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Symmetric densities and k—particle marginals

For py € D5(H), its k-particle marginal is pX, € D*($) such that
Trg, (A/OII(V) = TrY)N((A ® IﬁN—k)pN)

for each A € L($)

Symmetric classical density fy = fy(Xn, =n); its k-particle marginal:

f/{?(xkazk):/fN(XN>EN)ka+1d§k+1---dXNdi
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From von Neumann to Liouville uniformly in N

Thm C Let V be an even, real-valued function of class C'! on RY
Let piﬁﬁ € D5(Hn) and F}7 be a symmetric probability density on
(RY x RN in LY((|1Xn|? + |=n|?)dXnd=n). Let pnp and Fy be
the solutions of the von Neumann and the Liouville equations resp.
with initial data pifj , and Fy.

Setting A = 1 + 4 max(1, Lip(V(V))?, one has

1

Eh(Fl(t)ap/lv,h(t))z < NEh(Finaﬂ')\r;,h)2eAt

If pii , = OP[(2wh)N /™), then

diStMK72(F1(t)a Wh[ﬂll\l,h(t)])2

1 e
< </v distvr 2((FA7. Walof 4]) + ;dh> "t + 3dh
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From N-body von Neumann to Vlasov

Thm D Let f" = fin(x, &) € LX((|x]? + [£]?)dxd€) be a probability
density on RY x RY, an pifi . € D5($Hy). Let f and py, be the
solutions of the Vlasov equétion and the von Neumann equation
resp. with initial data " and p’;\’}ﬁ.

imeN in e, QIVV|=)? et -1
En((F")*"™, prin)e’ " + V1 -

=~

En(F(2), pin(t)) <

If moreover pj’y = OP;/ [(2mh)@N (fim)@N]

(2| VV|[=)? et -1
N-—1 r

distm 2(£(t), Waloh n(£)])? < Sdh(1+e™)+

Here [ = 2 + 4 max(1, Lip(V(V))2.
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|SKETCH OF THE PROOFS |
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Dynamics of couplings

If Fp is a symmetric classical N-particle density and py € D*($Hn),
a coupling Qn € C(Fp, pn) is symmetric, denoted Qy € C*(Fn, pn)

Uy Quio - Xn, o - En)UE = Qu(Xn, =) forall o € Sy
Let QN , € C5((FM)®N, pif 1); solve

N .
0:Qn i + Z He (%, &), Qo ¢ + %[HN, Qn,l =0

j=1

with Qth‘t:O = Q,"\’,’Ji and

N
Hy = Z —
j=1

Hr(x,€) = Le2 + / / V(x — 2)f(t,2,C)dzdC
R9 x Rd

1
h2ij + i V(yj — y«)
1<j<k<N

N[



The functional D(t)

Lemma For each t > 0, one has

Qui(t) € C(F()N, pn,u(t))

where f is the solution of the Vlasov equation and py 1, is the solution
of the N-body von Neumann equation

Define

N
D(t) = 1 //(R S Tron (6105, &5 ) Vi) Qua(8)) dXnd =

dXRd)N =1

://(Rd Rd)N(Ch(X17§1,Y17Vyl)QNﬁ(t))dXNdEN
X

- // Trﬁ(cﬁ(xl’ébyl’vn)Ql{l,h(t))dxldﬁ
(R¥xR)

> En(f(2), (1))
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The evolution of D

Multiply both sides of the equation for Qy ; and “integrate by parts™

D B // Trﬁ({Hf(X]"gl)’ Ch(lefl;}’la v)’l)}Qll\l,h,)dxldfl
_%ih//Trﬁ([AyuCﬁ(Xl,fl,yl,Vyl)]th)dxldgl

+7Ii// Tra, ([N V(0 — v2), anl(xa, &1, 1, Vin)]) QR p) dXad =2

since Qp 1, is a symmetric coupling
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In other words

D<D- N1 Trf)z(QN w61+ ihV ) VIW(Xz, Y2))dXod=>
1 /T%(vaﬁ(gl iRV, V V(t x1, %)) dXad =,

<D - %5 Tl’yjz(QN ﬁ(fl + Ihvyl) V W(XQ, Y2))dX2dEQ

Mz

/Trﬁz(QN 7(51 + Ihvyl t X1,Xk dXNdEN

k:

with a Vv b := ab + ba is the anticommutator while

V(t,x1,%2) == VV % pr(t,x1) — BV V (a, x0)
W(X2, Y2) = VV(Xl — X2) — V\/(yl — y2)
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Stability vs consistency

D <3D+ N2t [ Tre,(QR 1W(X2, Y2)|?)dXad=>
N

+é/ ﬁzv(tvxlyxk)

<3D + I\éNle/Tryjz(QNh’XQ — Yg‘ )C/XQC/EQ

2
1
N—

V(t, x1, Xk) p(?NdXN

2
peNdXy

fay

(9= 117+

V(t, X1, Xk) p(?NdXN

x
||

2
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Summarizing...

eThe stability part of the analysis (leading to the exponential am-
plification by Gronwall's inequality) is seen at the level of the 1st
equation in the BBGKY hierarchy

eThe consistency part of the analysis requires distributing the inter-
action term V on all the particles, and because the V term depends
on the Xy variables only, and the Xy marginal of Qp  is the N-fold
tensor power of the Vlasov solution, one concludes by LLN
eBecause the cost function in D is a sum of quantities depending on
Xj, ¥j,&;, there is a “localization in degree” effect in the BBGKY
hierarchy: no Cauchy-Kovalevska effect when estimating D
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