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Outline

The fast diffusion equation with weights
ue+ x|V (x| Puvem™ ) =0 (t,x) e RT x R?

o Simple facts
o Large time asymptotics
o A symmetry result

@ Without weights, the FDE (fast diffusion equation) has been a key
model for designing sharp entropy methods

@ With weights, we have a model for degenerate / singular diffusions,
with good scaling properties, in which new phenomena appear:
asymptotic rates (given by the linearization) are not necessarily
global, the underlying functional inequalities may experience
symmetry breaking, Barenblatt self-similar solution are not always
optimal, etc.
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Simple facts
Fast diffusion equations with weights: large time asymptotics
Fast diffusion equations with v hts: a symmetry result

Self-similar solutions
Without weights

A perturbation result
Symmetry breaking

Fast diffusion equations with
weights: simple facts

@ The equation and the self-similar solutions

@ Without weights
@ A perturbation result

9 Symmetry breaking

New results: joint work with M. Bonforte, M. Muratori and

J. Dolbeault

B. Nazaret

Entropy methods for degenerate diffusions and weighted functional inequalitie



Simple facts Self-similar solutions
Without weights
A perturbation result
Symmetry breaking

Fast diffusion equations with weights: self-similar solutions

Let us consider the fast diffusion equation with weights
ue+ x|V (x| Puvem™ ) =0 (t,x) e RT x R?
Here 8 and v are two real parameters, and m € [my, 1) with
. 2d—2—8—
= Sy

Generalized Barenblatt self-similar solutions

1
upt,x) =t /B (£0x) . B, (x) = (1+ x[PH7) 7

where 1/p = (d — ) (m — m¢) with mc :== d;i;ﬁ <m <1
Self-similar solutions are known to govern the asymptotic behavior of
the solutions when (8,v) = (0,0)
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Self-similar solutions
Without weights

A perturbation result
Symmetry breaking

Simple facts

@ Mass conservation
d / dx
— u——=20
dt Rd |X|’Y
and self-similar solutions suggest to introduce the

Q@ Time-dependent rescaling

— Rpy—d _~) L X
u(t,x) =R % ((2—|—5 v)~" log R, R)
with R = R(t) defined by

dR

- = 2+8-7) R(m=D(y=d)=(2+—)+1 R(0) =1

_ 2487 +\”
R(t) = (1 + == t)
with 1/p=(1—m)(y —d) +2+ -~ =(d —7)(m—mc)
Q A Fokker-Planck type equation
vi + X7V - {|X|f/3 vV(vm’l _ |X|2+,877)} =0

with initial condition v(t = 0,-) = up
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Self-similar solutions
Without weights

A perturbation result
Symmetry breaking

Without weights: time-dependent rescaling, free energy

Simple facts
Fast diffusion eq asymptotics
Fast diffusi

ions with weigk ;
equations with weights: a sy

metry result

@ Time-dependent rescaling: Take u(t,y) = R™94(1) v (t,y/R(T))

where dR
- _ Rdi-m)-1 R(0) =1 t=logR
. , R(O)=1, og
@ The function v solves a Fokker-Planck type equation
dv m
T =Av" 4+ V- (xVv), Vo=

@_ [Ralston, Newman, 1984] Lyapunov functional:
Generalized entropy or Free energy

— v Lo
]-'[v].—/Rd (m_1—|—2|x| v> dx — Fo

Entropy production is measured by the Generalized Fisher
information

m 2

dx

d Vv
E]—"[v] =-TI[v], I|v]:= /Rd v + x

v
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Self-similar solutions
Without weights

A perturbation result
Symmetry breaking

Simple facts

Without weights: relative entropy, entropy production

Q. Stationary solution: choose C such that ||veo| 1 = |lul|p =M >0

Vo (x) = (C + o [x?) /0™

Relative entropy: Fix Fy so that Flvee] =0
Q_ Entropy — entropy production inequality

d23,m€[%,+oo) m>—,m7é1

Z|v] > 2 F|v]

A solution v with initial data ug € L. (RY) such that |x|* up € L}(RY),
ul € LY(RY) satisfies Flv(t, )] < Fluo] e~ 2

J. Dolbeault Entropy methods for degenerate diffusions and weighted functional inequalitie



Self-similar solutions
Without weights

A perturbation result
Symmetry breaking

Simple facts

An equivalent formulation: Gagliardo-Nirenberg inequalities

dx = %I[v]

v 1 5 1 vv™ 2
= — — < —
Flv] /Rd(m_1+2|X| v>dx ]-'0_2/Rdv‘ ” + x

Rewrite it with p = 51—, v = w?, v™ = wPT! as

1/ 2m \’ ) 1 ip
s\ 31 Rd|VW| dx + 1_——d f1§|W| dx—K>0
P

K =Ko (Jga vdx = [pow? dx) W = wao = vil? is optimal

[Del Pino, J.D.] With 1 < p < 2% (fast diffusion case) and d > 3

GN
HWHL2P(Rd <C ”vaL2 Rd)HWHLp+1 (R9)

Proofs: variational methods [Del Pino, J.D.], or carré du champ
method (Bakry-Emery): [Carrillo, Toscani, [Carrillo, Vazquez],
[CIMTU]
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Self-similar solutions
Without weights

A perturbation result
Symmetry breaking

Simple facts

Entropy methods and linearization: sharp asymptotic rates

Generalized Barenblatt profiles: Vp(x) := (D + |><|2)ﬁ

(H1) Vp, < v < Vp, for some Dy > Dy >0

(H2) if d >3 and m < m, := =%, (vo — V) is integrable for a
suitable D € [Dq, Do)

Theorem

[Blanchet, Bonforte, J.D., Grillo, Vézquez] Under Assumptions
(H1)-(H2), if m < 1 and m # m,, the entropy decays according to

Flv(t,)] < Ce2=mAadt v >0
where N, 4 > 0 is the best constant in the Hardy—Poincaré inequality
/\M/ IFI? dpta—1 < / V2 due f€ HY(dua), / fdia—1=0
Rd Rd Rd

with o :=1/(m —1) <0, dpg = ha dx, ha(x) = (1 + |x]?)*
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Self-similar solutions

imple facts 5
Simp Without weights
Fast diffusion equations with weights: large time asymptotics A
; ) ! Y A perturbation result
Fast diffusion equations with weights: a symmetry result p
N N Symmetry breaking

1. Lowest eigenvalues

[Bonforte, J.D., Grillo, Vazquez], [J.D., Toscani y(m)x
4
2
e Cai5€ 1
— Case 2
Jase 3
0 m
1
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Self-similar solutions
Without weights

A perturbation result
Symmetry breaking

2. Higher order matching asymptotics

Simple facts

[J.D., G. Toscani] For some m € (m¢,1) with m. := (d — 2)/d, we
consider on R? the fast diffusion equation
Ou

_ . m_]':
5 TV (uVu™ 1) =0

Without choosing R, we may define the function v such that
u(t,y +x0) = R*dv(t,x) , R=R(r), t= % logR, x= %
Then v has to be a solution of

% v {v (U%W*mf)v\/m—l - 2x)} —0 t>0, xcR?
with (as long as we make no assumption on R)

dR
) 2

d
2 —g(m—mc) _ led(lfm
7 dt
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Self-similar solutions
Without weights

A perturbation result
Symmetry breaking

Simple facts

3. Best matching Barenblatt functions

Consider the family of the Barenblatt profiles
B,(x):=0"2 (C/\/,—l—l|x|)’"1 vV x € RY

Note that ¢ is a function of t: as long as dt 2 # 0, the Barenblatt
profile B, is not a solution (it plays the role of a local Gibbs state) but
we may still consider the relative entropy

1

Folv] = 1 o [v"— Bl —mBI' ' (v—B,)] dx

The time derivative of this relative entropy is

jt]: wlv(t,-)] = % (di; ]:,-,[V]) LM (Vm—l B B ) g\; e

lo=o(t) m-—1 Rd

choose it =0
<= Minimize F,[v] wrt. 0 <= [p, [x[? By dx = [o, |x[* v dx
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Self-similar solutions
Without weights

A perturbation result
Symmetry breaking

4. Further results (still without weights)

Simple facts

@ Improved asymptotic rates, Improved entropy — entropy
production inequalities

p(FIv]) < Z[v]

for some convex function ¢ (and under appropriate normalization
conditions), best matching and accelerated rates of convergence
(initial time layer) [J.D., Toscani]

@ Rényi entropy powers: concavity, asymptotic regime (self-similar
solutions) and Gagliardo-Nirenberg inequalities in scale invariant
form [Savaré, Toscani], [J.D., Toscani]

o Concavity of second moment estimates and delays [J.D., Toscani]

@ Stability of entropy — entropy production inequalities (scaling
methods), and improved rates of convergence [Carrillo, Toscani,
[J.D., Toscani]
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Self-similar solutions
Without weights

A perturbation result
Symmetry breaking

o With one weight: a perturbation result

Simple facts

On the space of smooth functions on R? with compact support

[|wl[r2e. AR < C,y ||VW||L2(]Rd ||W||Lp+1 (RY)

N U B (d—) (p—1)
where 9 1= 20(z 1) p(d+2_2ﬂy_p(d_2)) and
_ 1/
IWllon ey = (Jpa W] Ix|7Ydx) " and  [[wllLogey = [WlLooge)

and d >3,y € (0,2), p € (1,27/2) with 2% =291

[J.D., Muratori, Nazaret] Let d > 3. For any p € (1,d/(d — 2)), there
exists a positive v* such that equality holds for all v € (0,~v*) with

1
we(x) == (1+ |x*77) "7 VxeR?
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Self-similar solutions
Without weights

A perturbation result
Symmetry breaking

Caffarelli-Kohn-Nirenberg inequalities (with two weights)

Simple facts

— 1/
Norus: [w{gerze) = (feo W17 1xI7 0x)/%, [Wlgagee = [W]gasee
(some) Caffarelli-Kohn-Nirenberg interpolation inequalities (1984)

0 —9
W lliansqmsy < Comp VW2 gy W52 (CKN)
Here Cg 4 p denotes the optimal constant, the parameters satisfy

d>2, y=2<fB<9Ry, ye(-o00,d), pe(lp] withp, =35

and the exponent ¢ is determined by the scaling invariance, i.e.,

_ (d—v) (p—1)
p (d+,8+272 wfp(dfﬁd))

@ Is the equality case achieved by the Barenblatt / Aubin-Talenti
type function

wi(x) = (1+ |X|2+ﬁ7“’)71/(p71) VxeR? 7

@ Do we know (symmetry) that the equality case is achieved among
radial functions?
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Self-similar solutions
Without weights

A perturbation result
Symmetry breaking

Simple facts

Range of the parameters
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Self-similar solutions
Without weights

A perturbation result
Symmetry breaking

CKN and entropy — entropy production inequalities

Simple facts

When symmetry holds, (CKN) can be written as an entropy — entropy
production inequality

L2+ B8 -1)?FIVI < IIV]

and equality is achieved by Bg . Here the free energy and the
relative Fisher information are defined by

R 1 m m m—1 dx
J [V] = m o (V —%ﬁ’v—m%ﬁ’w (V—%ﬁ,7)> W
2 dx
Ilv] = m=1_ %"’—1‘ —.
[v] /Rd v| Vv VB e

If v solves the Fokker-Planck type equation
Ve + x[7 V- [|x|*/3 vV (vt - |x|2+/3*7)} =0  (WFDE-FP)
then

d m
S FI(E )] = - T Tlu(t, )
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Self-similar solutions
Without weights

A perturbation result
Symmetry breaking

Simple facts

Proposition

p+1
2p

initial datum ug € LY7(RY) such that ||uf||11.~re) and
Jgo to [x|*P=27 dx are finite. Then

Let m= and consider a solution to (WFDE-FP) with nonnegative

Flv(t,-)] < Fluo] e~ @8-ty >

if one of the following two conditions is satisfied:
(i) either ug is a.e. radially symmetric
(ii) or symmetry holds in (CKN)
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Self-similar solutions
Without weights

A perturbation result
Symmetry breaking

o With two weights: a symmetry breaking result

Simple facts

Let us define

Brs(v) =d—2—/(d—7)?—4(d-1)

Symmetry breaking holds in (CKN) if

d_
v<0 and Brs(y)<B<——7

In the range frs(y) < S <922, w, (x) = (1 + |X|2+/377)71/(p71) is
not optimal.
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Self-similar solutions

Simplelfaces Without weights
A perturbation result
Symmetry breaking

}3 |
|
|
|
B=Prs(y) I
|
|
|
a-2 !

=d-24+ 14
ﬁ_d2+p

The grey area corresponds to the admissible cone. The light grey area
is the region of symmetry, while the dark grey area is the region of
symmetry breaking. The threshold is determined by the hyperbola

(d=7P — (8 —d+2? —4(d—1) =0
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Self-similar solutions
Without weights

A perturbation result
Symmetry breaking

Simple facts

A useful change of variables

With 5_ d
2 -
14277 and n=2-227
o= 5 n R
(CKN) can be rewritten for a function v(|x|*~1 x) = w(x) as
[V ||z2e.0- nrd) < Kanp ”@aVHLZd n(Rd) HV”Lpud n(Rd)

with the notations s = |x|, Dov = (@ 9%, L V,v). Parameters are in
the range
n

n—2

d>2, a>0, n>d and pe(l,p], px:=
By our change of variables, w, is changed into
vi(x) = (1+ |X|2)71/(p71) Vx € RY
The symmetry breaking condition (Felli-Schneider) now reads

d—1
n—1

a < aps with apg =
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Self-similar solutions
Without weights

A perturbation result
Symmetry breaking

Slmple facts
Fast diffusion equations with weights: large time asymptotic
Fast diffusic n equations with cigl S & T

The second variation

J[v] =1 |Og (||©av||L2,d—n(Rd)) =+ (1 — 19) |Og (||V||Lp+1,d—n(Rd))
+ logKq,n,p — log (||V||L2p,d7n(]Rd))

Let us define dyus := ps(x) dx, where us(x) := (1 + |x|?)~°. Since v, is
a critical point of 7, a Taylor expansion at order 2 shows that

1Davallos-ngey T [va + € psj2 ] = 3 €29 Q[f] + o(e?)

1
Qlf] = faa | Daf[? x| dpus — 4;"’ S IF12 X179 dptssa
We assume that [p, f [x|""? dpusi1 = 0 (mass conservation)

with § = psz and
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Self-similar solutions
Without weights

A perturbation result
Symmetry breaking

a Symmetry breaking: the proof

Simple facts

Proposition (Hardy-Poincaré inequality)

Letd >2, a € (0,+00), n>d and § > n. If f has O average, then
[ a2 i dyis = A [ 121" dasa
Rd Rd

with optimal constant A = min{2a? (2 — n),2a?§n} where 1 is the
unique positive solution ton(n-+n—2) = (d —1)/a?. The corresponding

(d—1) 52

eigenfunction is not radially symmetric if o2 > M EDICEE

Q> 0iff 4ppff < A and symmetry breaking occurs in (CKN) if

4pa?

2a%0n < — n<l1

d—1
= > =nn+n-2)<n—-1 < «a>aps
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Simple facts Relative uniform convergence
Fast diffusion equations with weights: large time asymptotics Asymptotic rates
Fast diffusion equations with weights: a symmetry result From asymptotic to global estimates

Fast diffusion equations with
weights: large time asymptotics

9 Relative uniform convergence
@ Asymptotic rates of convergence

@ From asymptotic to global estimates

Here v solves the Fokker-Planck type equation

Ve + x[7 V- [|x|—/3 vV (vt - |X|2+ﬁ_7)} =0  (WFDE-FP)

Joint work with M. Bonforte, M. Muratori and B. Nazaret
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Relative uniform convergence
Fast diffusion equations with weights: large time asymptotics Asymptotic rates
From asymptotic to global estimates

a Relative uniform convergence

C=1-(1-g555) 0-39)

(1 2 B
0:= [ m)g)Jr(ngH”ﬁ) ,Yls lntherange0<9<%__m<l

Theorem

For “good” initial data, there exist positive constants KC and ty such that,
for all q € [3=2,00], the function w = v /B satisfies

w(t) — 1|y o 4§K672(1m A ¢ (t—to) Yit>t
L7 (RY)
in the case v € (0, d), and

—m)?2
||W(t) - 1||Lq,’v(]Rd) S ’C 6_2 (12_"3 A(t_to) Vt 2 to

in the case v <0
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Relative uniform convergence
Fast diffusion equations with weights: large time asymptotics Asymptotic rates
From asymptotic to global estimates

Essential spectrum

Essential spectrum

The spectrum of £ as a function of § = , with n = 5. The essential
spectrum corresponds to the grey area, and 1ts bottom is determined
by the parabola § — Aess(d). The two eigenvalues Ag 1 and Aj o are
given by the plain, half-lines, away from the essential spectrum.
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Simple facts Relative uniform convergence
Fast diffusion equations with weights: large time asympt: Asymptotic rates
Fast diffusion equations with weights: a symmetry result From asymptotic to global estimates

Main steps of the proof:

@ Existence of weak solutions, L7 contraction, Comparison
Principle, conservation of relative mass
Q@ Self-similar variables and the Ornstein-Uhlenbeck equation in
relative variables: the ratio w(t, x) := v(t, x)/B(x) solves

X7 we = —

&V (X BwV (wrt = 1) B L) ) in R xR

w(0,-) = wp 1= v/B in R9

Q@ Regularity, relative uniform convergence (without rates) and
asymptotic rates (linearization)

@ The relative free energy and the relative Fisher information:
linearized free energy and linearized Fisher information

@ A Duhamel formula and a bootstrap

J. Dolbeault Entropy methods for degenerate diffusions and weighted functional inequalitie



Relative uniform convergence
Fast diffusion equations with weights: large time asymptotics Asymptotic rates
From asymptotic to global estimates

a Regularity (1/2): Harnack inequality and Holder
regularity

We change variables: x — |x|*~! x and adapt the ideas of
F. Chiarenza and R. Serapioni to

ue + DZ[a(Dau—i—Bu)} =0 in RYxRY

Proposition (A parabolic Harnack inequality)

Letd >2, a >0 and n>d. If uisa bounded positive solution, then for
all (to, xo) € R* x R? and r > 0 such that Q,(to, %) C RT x By, we have

sup u<H inf u
Q7 (to,%) @ (to,x0)

The constant H > 1 depends only on the local bounds on the coefficients
a, Bandond, o, and n

4

By adapting the classical method d la De Giorgi to our weighted

1 TT1 1
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Relative uniform convergence
Fast diffusion equations with weights: large time asymptotics Asymptotic rates
From asymptotic to global estimates

a Regularity (1/2): from local to global estimates

If w is a solution of the the Ornstein-Uhlenbeck equation with initial
datum wy bounded from above and from below by a Barenblatt profile
(+ relative mass condition) = ‘“good solutions”, then there exist

v € (0,1) and a positive constant K > 0, depending on d, m, 3, -y, C,
C1, G such that:

Q1
”vv(t)”L”(BD\\B)\) < W Vt>1, VA>1,

ig’:l)HWHC“((t,H»l)XBg) <oo VkeN, Ve>0
sup [|w(t)| c»re) < o0
>1

sup | w(r) —1lcu(ao) < K sup [w(r) = Lpouy V1
T2t T>t
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Relative uniform convergence
Fast diffusion equations with weights: large time asymptotics Asymptotic rates
From asymptotic to global estimates

a Asymptotic rates of convergence

Assume that m € (0, 1), with m # m, with m, :=. Under the relative
mass condition, for any “good solution” v there exists a positive
constant C such that

Flv(t)] < Ce=2A=mAt v >0,

@ With Csiszar-Kullback-Pinsker inequalities, these estimates provide
a rate of convergence in L17(RY)

Q@ Improved estimates cane be obtained using “best matching
techniques”
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Relative uniform convergence
Fast diffusion equations with weights: large time asymptotics Asymptotic rates
From asymptotic to global estimates

From asymptotic to global estimates

When symmetry holds (CKN) can be written as an entropy — entropy
production inequality

m

2+ 8 -7 Flv] < I[v]

1—-m
so that

FIv(t)] < Flv(0)] e 20-mMt ye>0 with A, = Z2
Let us consider again the entropy — entropy production inequality
K(M)F[v] <Z[v] YveLY(RY) suchthat ||v|pigey =M,
where K(M) is the best constant: with A(M) := % (1 — m)=2K(M)
Flv(t)] < Flv(0)] e~ 2A=mAME v >0
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Relative uniform convergence
Fast diffusion equations with weights: large time asymptotics Asymptotic rates

From asymptotic to global estimates

a Symmetry breaking and global entropy — entropy
production inequalities

o In the symmetry breaking range of (CKN), for any M > 0, we have
0< IC(M) < % (1 = m)2 /\0,1

o If symmetry holds in (CKN) then
K(M) > 122 (24 8 — 7)?

Corollary

Assume that m € [my,1)
(i) For any M > 0, if A(M) = A, then 8 = Brs(7)
(i) If B > Brs(7y) then No1 < A and A(M) € (0, Ao 1] for any M >0

(iii) For any M > 0, if < Brs(Y) and if symmetry holds in (CKN), then
AM) > A,
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Simple facts
Fast diffusion equations with weights: large time asymptotics

Fast diffusion equations with weights: a symmetry result

Relative uniform convergence
Asymptotic rates

From asymptotic to global estimates

B=Prsy)

J. Dolbeault
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Simple facts Rényi entropy powers
Fast diffusion equations with weights: large time asymptotics The symmetry result
Fast diffusion equations with weights: a symmetry result The strategy of the proof

Fast diffusion equations with
weights: a symmetry result

@ Rényi entropy powers
9 The symmetry result
@ The strategy of the proof

Joint work with M.J. Esteban, M. Loss in the critical case
B=d-2+ 214

Joint work with M.J. Esteban, M. Loss and M. Muratori in the
subcritical case d — 2 + WT?d <B< L2y
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Rényi entropy powers
The symmetry result
Fast diffusion equations with weights: a symmetry result The strategy of the proof

Rényi entropy powers

We consider the flow % = Au™ and the Gagliardo-Nirenberg

inequalities (GN)
1wl 2oy < Cpla IV W Gaggay Wl g0

where u = w?P, that is, w = u™1/2 with p = 2m 7+ Straightforward
computations show that (GN) can be brought into the form

(c+1) m—1 2
/ u dx <CTE ' where 6= —  —
R4 d(l — m)

where £ := [L, u™ dx and T := [, u|VP[* dx, P = {2 u™ ! is the
pressure variable. If F = £7 is the Rényi entropy power and

o= % 17— — 1, then F” is proportional to

—2(1-m) <Tr ((Hess P gAPIc1)2)>+(1—m)2 (1-0) <(AP - <AP))2>

where we have used the notation (A) := [p, u™ A dx/ [ u™ dx
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Rényi entropy powers
The symmetry result
Fast diffusion equations with weights: a symmetry result The strategy of the proof

a The symmetry result

> critical case: [J.D., Esteban, Loss; Inventiones]
> subcritical case: [J.D., Esteban, Loss, Muratori]

Theorem

Assume that 5 < Brs(y). Then all positive solutions in HZW(R"') of
— div(|x|_B Vw) = |x|77 (sz_l — wP) in R\ {0}

are radially symmetric and, up to a scaling and a multiplication by a
constant, equal to w,(x) = (1+ |x|2+ﬁ_7)_1/(p_1)
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Rényi entropy powers
The symmetry result
Fast diffusion equations with weights: a symmetry result The strategy of the proof

The strategy of the proof (1/3)

The first step is based on a change of variables which amounts to
rephrase our problem in a space of higher, artificial dimension n > d
(here n is a dimension at least from the point of view of the scaling
properties), or to be precise to consider a weight |x|"~9 which is the
same in all norms. With

_ d—~
“lx) = , :1—|——6 7 and n=2———
v(x|*T x) = w(x), « 5 n I
we claim that Inequality (CKN) can be rewritten for a function
v(Ix[*7t x) = w(x) as

[vlLep.a- n(Rd) < Ka,n,p ||©uVHL? d—n(Rd) HV”Lpu d—n(Rd) Vve chjlfn,dfn(Rd)
with the notations s = |x|, Dov = (@ 2%, 1 V,v) and
d>2, a>0, n>d and pe(l,p].
By our change of variables, w, is changed into
vi(x) = (1+ |x|2)_l/(p_l) Vx e R?
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Fast diffusion equations with weights: a symmetry result The strategy of the proof

The strategy of the proof (2/3)

The derivative of the generalized Rényi entropy power functional is

o—1
Glu] := /u’"du /u|©aP|2du
R RY

1

where 0 = 2 12— — 1. Here dp = |x|"~9 dx and the pressure is

m
Pi=——uym!
l—mu
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With Lo = =D} Do = a? (v + 222 ') + 5 Ay u, we consider the
fast diffusion equation

du

— =L,u™

ot “
in the subcritical range 1 —1/n < m < 1. The key computation is the

proof that
g[” (f]Rd mdl‘)lig

> (1= m) (0~ 1) fpg u™ [ £aP — 2P o

L2/, (a4(1_%)\P~—P?’—%2+

+2fRd ((”—2) (Oé%s —a ) VP2 + c(n, m,d) W Pl ) u™dp =: H[u]

2
s

VP = T2 )

for some numerical constant c(n, m,d) > 0. Hence if o < apg, the
r.h.s. H[u] vanishes if and only if P is an affine function of |x|?, which
proves the symmetry result.
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The strategy of the proof (3/3)

This method has a hidden difficulty: integrations by parts ! Hints:

Q@ use elliptic regularity: Moser iteration scheme, Sobolev regularity,
local Hoélder regularity, Harnack inequality, and get global regularity
using scalings

Q@ use the Emden-Fowler transformation, work on a cylinder,
truncate, evaluate boundary terms of high order derivatives using
Poincaré inequalities on the sphere

Summary: if u solves the Euler-Lagrange equation, we test by L, u™
0= / dGlu] - Lou™dp > H[u] >0
Rd

where the last inequality holds because H[u] is the integral of a sum
of squares (with nonnegative constants in front of each term). In
original variables: test by |x|” div (|x|™# Vw!*P) the equation

(p—1)°

1-3p di —B 2pv 1-p v 1-p|2 —y 1-p 0
w 1V | (X w w + w —+|x aw —C =
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Concluding remarks

@ The fast diffusion equation (without weights) has a rich structure:
a lot has been done (for instance, with parabolic methods or gradient
flow techniques) and this is a fundamental equation to explore
qualitative behaviors, sharp rates, entropy methods in PDFEs, etc.

Q@ With weights, self-similar Barenblatt solutions attract all solutions
(in good spaces) on the long time range, the linearization of the
entropy determines the sharp asymptotic rates... but when symmetry
breaking occurs, there are other critical points and Barenblatt
solutions are not optimal for entropy — entropy production ineq.

@ Entropy methods can be used as a tool to produce symmetry /
uniqueness / rigidity results which go well beyond results of elliptic
PDEs (rearrangement, moving planes), energy / calculus of variations
methods (concentration-compactness methods) and methods of
spectral theory (so far).

@ An example of doubly defective / degenerate operator, which is
waiting for extension in (non-homogenous) kinetic equations !
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These slides can be found at
http://www.ceremade.dauphine.fr/~dolbeaul/Conferences/
> Lectures
The papers can be found at
http://www.ceremade.dauphine.fr/~dolbeaul /Preprints/list/
> Preprints / papers

For final versions, use Dolbeault as login and Jean as password

Thank you for your attention !
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