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Plan of the talk

o Particle systems and kinetic equations

o Kac model of a particle system and propagation of chaos

o A relativistic version of the Kac model

o A particle system for the BGK equation
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Plan of the talk

o Particle systems and kinetic equations

o Kac model of a particle system and propagation of chaos

o A relativistic version of the Kac model

o A particle system for the BGK equation

o Based on Dawan Mustafa's thesis Propagation of chaos for Kac-like
particle models, dec 2015.
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Particle systems

o Particles
Z=(Z1y .00y ZN) Zj € ZN

o Evolution (deterministic or stochastic)

z(t) = T5z(0)
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Particle systems

o Particles

z = (27,00, ZN) zy € ZN
o Evolution (deterministic or stochastic)
z(t) = T5z(0)
o Distribution of initial values:
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o Evolution of initial density:

SEN(t) = ENIRNI(Y)
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Particle systems

o Particles

Z = (Z1yeeeeyZN) Zj € ZN

o Evolution (deterministic or stochastic)

z(t) = T5z(0)

o Distribution of initial values:

Fn(0) € LL(ZN)

o Evolution of initial density:

SEN(t) = ENIRNI(Y)

o - Deterministic: Liouville equation
- Stochastic: Master equation (Kolmogorov equation)
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Particle systems

o Marginals:
FX(21y ey 2zi) = JFN(zh...,zk,zk+1,...,zN)dzk+1 -+ - dzn
f(t,z) = limn_oo FN (1, 2)

o Goals:
- to prove that the limit exists
- to prove that f(t,z) satsifies an equation

0
af(t> \)) = G [ﬂ (t> \))
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Particle systems

o Marginals:
FX(21y ey 2zi) = JFN(:q,...,zk,zk+1,...,zN)dzk+1 -+ - dzn
f(t,z) = limn_oo FN (1, 2)

o Goals:
- to prove that the limit exists
- to prove that f(t,z) satsifies an equation

0

af(t,v) = G[fl(t,Vv)

o Key concepts:
- Symmetry: the densities Fn(V1, ..., VN ) invariant under permutation of
indices

- Chaos and propagation of chaos



CHALMERS | UNIVERSITY OF GOTHENBURG

Propagation of chaos according to Kac

Definition: A sequence of probabiliy measures Fyn(zq,...,2n), N =1

said to have the Boltzmann property, or to be chaotic if for each k,

lim F&(z1, .o 2i) —)H lim TN (zj,t)
N—oo N—oo

y eeey OO IS
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Propagation of chaos according to Kac

Definition: A sequence of probabiliy measures Fn(z1,...,2n), N =1, ...,00 is
said to have the Boltzmann property, or to be chaotic if for each k,

lim F&(z1y ey 2i) —)H lim TN (zj,t)
N—oo N—oo

Definition: Propagation of chaos is said to hold if whenever the initial data is
chaotic, then so is the distribution at later times.
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Kac's microscopic model

o N-particle system:

V= W.,v), Vi €ER (the master vector)

o Phase space:
SNTVNY)) =< (v, ey WN) Vi 4 .. +vE =N
o Markov jump process:
- Exponentially distributed intervals between jumps:
At ~ e Nt
- Jumps involve two coordinates:

(V1 eeey Viy ey Viy oo UN) = (V1 0oy
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Kac's microscopic model

o Jumps
i Choose a pair (1,j) uniformly from 1T <1 <j < N.

i Choose 0 € [—m, 7] with law u
(i,e., P(O€]) = J] u(do))

i let (v{,vj) = (vicos(0) — vjsin(),visin(8) 4 vj cos(0))
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Kac's microscopic model

o Jumps
i Choose a pair (1,j) uniformly from 1T <1 <j < N.

i Choose 0 € [—m, 7] with law u

(ie., P(O€]) = J] 1(d0))

i let (v{,vj) = (vicos(0) — vjsin(),visin(8) 4 vj cos(0))

o Notation: V — V' =R;;(0)V
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Kac's microscopic model

o Jumps
i Choose a pair (1,j) uniformly from 1T <1 <j < N.

i Choose 0 € [—m, 7] with law u
(i,e., P(O€]) = J] u(do))

i let (v{,vj) = (vicos(0) — vjsin(),visin(8) 4 vj cos(0))

o Notation: V — V' =R;;(0)V
o Energy conservation:
12 12 2 2
Vi +VJ = Vi ‘I‘\))

o No conserved momentum:
/ /
Vi —|_ Vj # Vi + V]‘
(in general)
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Kac's master equation

o If u(do) = g then

IFNVit) = ) —Jﬂ (Fn(R(0)Vyt) — Fn(Vpt)) do
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Kac's master equation

do

o If u(do) = Pt then
2 1 (™
DRV = g Y EJW(FN( 0V, 1) — F(V; 1)) do
1<i<j<N
=Ly (Vi) = Z LipFn(Vit)

1<1<)<N

Here Ly is a bounded, self adjoint operator






1
SV V= (Pryp — )

f:f(X,V,t), T :T(X>t)>
0

af(t,\)) = d(v) —f(t,v)

®(v) standard Gaussian

exp (—(v - u)z/ZT)

u=u(x,t) € RY,

fe L'(R)

p=p(x,t)
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The BGK- equation

o %f(t,v) = ®(v) — f(t,V) feL'(R)

®(v) standard Gaussian

o)
N fore)
L., 4 B
. N\
) \_ J
-—

O (Viyeey Viy ooy UN) = (V1) eeny &y ety VN



CHALMERS |

The BGK- equation

0

B UNIVERSITY OF GOTHENBURG

o ~f(t,v) = 0v) — f(t,v) f e L'(R)
®(v) standard Gaussian
0
N ! oo
T R N\
. ) : \ )
-—
O (Viyeey Viy ooy UN) = (V1) eeny &y ety VN
0
o) EFN(tavb---)VN):
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The BGK- equation

o %f(t,v) = ®(v) — f(t,V) feL'(R)

®(v) standard Gaussian

0) (V],...,\)j,...,VN) = (V1,....,E,j,....,VN) LaWEj = O
0
O EFN(JE)VH >VN)—

NN (J FN (t,\)], ceey Xiy ...,VN)de(D(Vj) — Fn (t,\)1, ...,VN))
R

o The equation for the one-particle marginal:

0

—TFN(t,vy) = J FA(t, x1) dx @ (vq) — F (L, v1)
ot .
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The BGK- equation

o %f(t,v) = ®(v) — f(t,V) feL'(R)

®(v) standard Gaussian

N [ f—\M
) L, 4 N
T B Y . _ NAM=3 Ve

0 (ViyeeyViy ooy UN) = (V1) eeey v/ TV Gy ey VN Lawg, = @
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The BGK- equation

0]
N “- K__\;W <
PR N+M—5 v2
) . o e .7‘ N T(V],...,\)N): MZVJ
' &_/_//
. Y,
O (Viy ey Viy ooy VNI 2 (V1 eeety /T(V)Ejy eenty W) Lawg, = @
0
o aFN(tavb >VN)—
N
Z (J FN(t’V1’ >X)> ")VN)T(V/)_VZCD (T(V/)Vz\))) de
: R



_FN (t,\)1, .oy VN ))

o The equation for the one-particle marginal:

J J Fa(t, X1,V ey v T(V) 20 (T(V’)Vz\)]) dxjdv; - - - dvn
RN-T JR

_F]1\J (t,\h)
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The BGK- equation

O

The equation for the one-particle marginal:

J J FN (t>X1 y V2, "">VN)T(V/)_1/2(D (T(V/)Vz\)]) de d\)2 <.
RN-T JR

_F11\J (ta\)])

Integrand depends only on x§ +v35 + - - + V%,
E(T) — 1 when N — 0o

In fact: T — 1 n.s.

d\)N



O

"

o N passive particles V = (vi,...,vn)

o M active particles W = (w1, ..., wm )

o Exchange between active and passive as before

o Pairwise collisions between active particles at very high rate
o M,N — oo

o M/N — 0 when N — oo

o Purpose: to get the BGK-equation from pure, conservative, particle
system.
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The BGK equation

o F=FV,W)=FWi,....vN, W1, ... W) € L (SNMM=T (/N + M)
o The exchange operator:

N M
U-NMM F(Vh ceey VN W1, )WM) — Z Z (F(vwl/vw W\])(]) — F(\/> W))

o Collisions for active particles:

Lo FIGW) = 22 5 [ (FOY Ri(@9W) — FY W) do,
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The BGK equation

o F=FV,W)=FWi,....vN, W1, ... W) € L (SNMM=T (/N + M)
o The exchange operator:

N M
U-NMM F(Vh ceey VN W1, )WM) — Z Z (F(vwl/vw W\])(]) — F(\/> W))

o Collisions for active particles:

Lo FUW) = 223 [ (FVR(@)W) — F, W) do,

o The master equation:

0
EF(V»VV,’C) = (Lnmvin, + Unma, ) FIV, WS 1)
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Marginals

o V= (Vh '“>Vn>vn+1>"'>vN) — (Vnavn)
W = (W1> coey Wmy Wimt1, )WM) — (Wmawm)
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Marginals
0 V=V, Vny,Vie1y .y VN ) = (Vi, V)

W = (Wi ooty Winy Wi 1y ey WM = (Wmawm)
o Marginal

J & (Vi Wi )F(V, W) do(V, W)

SN+M-—1 ( N+M)

:J BV, Wand (0 (Vi Win) AV AW,
RTL m

o Average

F(V) = J F(V,W) do(W).
ON,o
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A Theorem

o Assume F(V, W, t) solves the master equation
F(V, W,0)1* do(V, W) < Cmyn,
Q?),o

F(V,W,0)vi do(V,W) < oo.

J

Qo0

)
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A Theorem

o Assume F(V, W, t) solves the master equation

F(V,W,0)* do(V, W) < Cmn,
Q‘;P,o

F(V,W,0)vi do(V,W) < oo.
Qg,o

o Choose M = M(N), Ay = Ay(N) with
N/M — 0o, N/M? — 0 and

}\Z/CNM — 0o when N — oo.
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A Theorem

o0 Choose M = M(N), A2 = A»(N) with
N/M — 0o, N/M? — 0 and

}\Z/CNM — 00 when N — oo.

o Then, forO <ty <t<T, T< o0
_ 0
im J 9 NQ (V, t)glv) dvzj (@ (v1) — F(v1,1))g(v1) dvr,
N—o00 Bn at ) R
where

. 1,0
f(vi,t) = lim fip(vi, ).

N—oo



O




N
0
St =M Y Mo | (FiVR, 0TV
j=1 ON,o
N
+M ) o J (r—(vgw,w\‘,],t)—F V)
j=1 ON,o
o The first term:
_\/N+M—|V|2
N M
1 .
j=1 (Vi ) T(Viy, )
1 1

_\/N+M—|V|2
M

Law of first component of a point on [W|? = M.



N
SRR MO =AY e | (FIVi, 0T dotw)
j=1 ON,o
N
A1) Tao J (F(vgv],w\ll,t)—F(vgv ,t)) do(W)
J=1 ON,o

o second term: Use

t
F(V, W, t) = e'™NMa2F(V, W, 0) +J el M Uy F(V, W, s) ds.
0
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Elements of the proof

o second term: Use

t

FOV W) = e FVW,0) 4 | el Uy FOVG WG ) ds.
0

_ tN7\2 _
HF(\/> ')t) _ F(\/> t)HZ S € 2 HF(\/a >O) _ F(\/> O)HZ
tN)\Z
1] —e 2 -
+ NN, SUP [UNMF(V, -y s) — UnmF(V, s)]2,

0<s<t




N
SRR MO =AY e | (FIVi, 0T dotw)
j=1 QN0
N
A1) Tao J (F(vgv],w\l],t)—}f(vgv ,t)) do(W)
=1 QN0

o An estimate for the second term:

2

)\2 2
leg(w)dv s(zx%ngnéoemm 1';92”“) J F(V, W, 0)* do(V, W)
Bn 2 Qo,0




O

| o

o N particles V = (vi,...,vn)
o M “thermostat” particles W = (wq, ..., wm )
o Exchange between active and passive as before

o Pairwise collisions between V-particles and W-particles

o) Heﬁtho — eﬁthon < \/lmm — e_“t/z)Hho — 1 Hz

o Similar resultat in Fourier metric
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A Kac model for relativistic particles

o Classical: Jump process on SN (v/N).
N
1 2
o Average energy: N Zv)- .
j=1

o Invariant density: Uniform on SN (v/N)
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A Kac model for relativistic particles

O

Classical: Jump process on SN~T(V/N).
N

1 2
Average energy: N Zv)- .
j=1
Invariant density: Uniform on SN (v/N)

Relativistic energy: ¢(v) := /1 +vZ —1

Relativistic Kac: Jump process on
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A Kac model for relativistic particles

o Classical: Jump process on SN~T(V/N).
N

1 2
o Average energy: N Zv)- .
j=1
o Invariant density: Uniform on SN (v/N)

o Relativistic energy: ¢(v) := /1 +vZ —1

o Relativistic Kac: Jump process on

o Much less symmetric
o Invariant measures less obvious.
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The micro-canonical measure

N

o Let H(vq,...,vn) = Z P (vy)
j=1
o The micro-canonical measure on QN(V/N) is

where 0 is the Euclidian measure
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The micro-canonical measure

N
o Let H(vi,...,vN) = Z P (vy)
j=1
o The micro-canonical measure on QN(V/N) is

where 0 is the Euclidian measure

o As distributions:
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The micro-canonical measure

o As distributions:

J N 9(\)1)--->VN)5(H(V1,...,VN) —E)dvy...dvn
R

dO'Q
- 5(y—E)—24 :J —a
JRJQM@Q YV HRH Y = v g YO

o This shows that

9)
6(H(v1,...,vN)—E):W—ﬁ|
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Marginals of distributions on QN(v/N): a Theorem

o Let ¢ satisfy some conditions (to be stated)
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Marginals of distributions on QN(v/N): a Theorem

o Let ¢ satisfy some conditions (to be stated)

o Then the uniform densities w.r.t. the micro-canonical measures on are

Ce zodW) - chaotic

o The positive constant zg is the unique real solution to the following
equation

j 71— p(w))e =M ay — o,
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The assumptions

o ¢eC(RRT, ¢ is even and convex
$(0) =0



(-
<
IN



CHALMERS |

o Need to compute

Zy(VN) =

which is

dn(N),

JQNWﬁ)
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o Need to compute

Zy(VN) =J dn'™),

which is

ZN JZN 1 2<E |(b/ (E o Z]i\:] U%))

QN_1(\/E)

N—1

[yl

1
Lo

¢

Ty

2)),

dy1...

dyn-1.
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o Need to compute

Zy(VN) = J dn'™),
QN—](\/E)
which is

N—1

[yl
[

zNJ
Y N y2<E |(|)/ (E_ZiN:_11

o Proof completed by the saddle point method
o Conditions needed to guarantee a unique saddle point

(Y

)l

dy1...

dyn—1.
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Result in higher dimension

o Forpe R? define
N N

FN(\/EP) — {(V1>°">VN) S RZN | Zd)(vl) :2E> Zvi _p} .
i=1 i=1

N N
HEpyp, = 0(2E— ) d(vi))8 Z\)ﬂ (p2— ) vi2).
i=1

1=1



CHALMERS |

Result in higher dimension

O

O

O

For p € R? define

FN(\/EP) — {(Vh-")vN) S RZN |

N
HE,p1 yP2 — 6(21:— o Z (I)(vi)
i=1

The uniform densities w.r.t. Ny, p, are

Ce_zoq) (\))

(but only formal calculations)

UNIVERSITY OF GOTHENBURG

-chaotic

N
2E> Z Vi=7Pp
i=1
N
d(p2 — Z viz).
1=1



CHALMERS |

Thank you for listening
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Thank you for listening

and thanks to

o Pierre Degond
o Eric Carlen
o Maria Carvalo
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